Application of hybrid atom-mechanical oscillator for absolute rotation detection is studied. The hybrid atom-mechanical oscillator consists of an atomic cell, filled with three level atoms, which is fixed on a mechanical oscillator. The atom-mechanical oscillator is placed on a rotating table such that the Coriolis force moves the atomic cell with respect to the incoming laser field. Thus the atomic resonance frequencies are Doppler shifted, and the phase of the laser field interacting with the atomic medium changes. Absolute rotation parameters are estimated by measuring the phase change in the laser field at the output of the atomic cell. Large dispersion is created in the atomic medium, using electromagnetically induced transparency, to enhance the phase change in the laser field interacting with the atomic medium. Contribution of the shot noise, the atomic noise and the noise due to the mechanical oscillation of the atomic cell are studied. We show that, under certain conditions, noise due to the mechanical oscillation of the atomic cell is on the same order of magnitude as the shot noise. The quantum limit of detectable rotation rate is estimated as 8.1 × 10 −19 rad/s.
I. INTRODUCTION
Detection of absolute rotation has significant importance in fundamental physics [1, 2] and also in practical applications [3] [4] [5] . The most prominent methods for rotation detection are fiber optic gyroscopes [6] (FOG), ring laser gyroscopes [7] (RLG), matter wave interferometry [8, 9] with Sagnac effect [6, 7, 10, 11] , and mechanical oscillators [12] [13] [14] . Here we propose an application of hybrid atom-mechanical oscillator for absolute rotation detection.
The hybrid atom-mechanical oscillator consists of an atomic cell which is mounted on a mechanical oscillator. The atomic cell is filled with three level atoms to create slow-light [15, 16] using electromagnetically induced transparency (EIT). The atom-mechanical oscillator is placed on a rotating table, and is driven co-sinusoidally along Y-axis. As a result, when the table rotates, the Coriolis force displaces the atomic cell along Z-axis. The motion of the atomic cell along Z-axis results in the Doppler shift in the atomic resonance frequencies with respect to the laser field which is propagating, along Zaxis, through the atomic cell. As a consequence, the phase of the laser field changes after interacting with the atomic medium. By measuring the phase change in the laser field at the output of the atomic cell, angular velocity of the rotating table can be estimated. In order to improve the phase sensitivity of the laser field interacting with atomic medium, we make the atomic medium dispersive [17] , but transparent, by using the EIT [18] [19] [20] [21] * sd3964@csrc.ac.cn phenomenon. Another advantage of working with EIT system is that its total quantum noise can set to be in the same order of magnitude as the shot noise [22] at the two-photon resonance for experimentally realizable parameters. Potential application of using EIT for rotation detection was described in [23] , however a thorough investigation needs to be done.
Coming to the mechanical oscillator part, recent advances in the field of optomechanics [24, 25] demonstrate the design and control of high quality mechanical oscillators. We particularly consider a two-dimensional mechanical oscillator [26] [27] [28] which oscillates along Z-axis and Y-axis as shown in Fig. (2) . The two-dimensional oscillator is driven co-sinusoidally along Y-axis. The frequency of the co-sinusoidal drive is chosen such that the Coriolis force acting on the oscillator, along Z-axis, is on resonance with the oscillator's frequency along Z-axis. This resonance condition ensures the optimal response of mechanical oscillator to the Coriolis force.
II. PRINCIPLE
For illustration purpose, assume that χ(ω ′ ) is the frequency-dependent refractive index of the atomic medium mounted on a two-dimensional mechanical oscillator shown in Fig. (1) . The laser source S, detector D, and the two-dimensional mechanical oscillator is fixed on a table (shown by grey rectangle in Fig. (1) the atomic medium is given as
where ω ′ o /2π is the frequency of the classical laser field, L ′ is the length of the atomic cell. The oscillator is driven co-sinusoidally along Y-axis at a frequency equal to the resonance frequency of the oscillator along Z-axis. As a result, when the table rotates with angular velocitẏ θ ′ , the Coriolis force acting on the mechanical oscillator moves the atomic cell along Z-axis. Hence the laser frequency is Doppler shifted by ω ′′ with respect to the atomic resonance frequency. So when the table is rotating, change in the phase φ ′ 2 of the laser field after passing through the moving atomic medium is given as
Assuming that non-linear dispersion in Eq. (2) is negligible, change in the phase of the laser field due to absolute rotation can be obtained from Eq. (1) and Eq. (2) as
Equation (3) shows that a larger linear dispersion of the atomic medium will enable us to measure smaller frequency shift ω ′′ . Since ω ′′ is a consequence of rotation, we can estimate the angular velocity of rotation from ω ′′ . Based on the idea presented in this section, we propose a hybrid atom-mechanical gyroscope in the next section.
III. EQUATIONS OF MOTION
Schematics of the atom-mechanical gyroscope are as shown in Fig. (2) . An atomic-cell (shown by yellow rectangle in Fig. (2) ) of length L is placed in the arm-1 of the Mach-Zehnder interferometer. The atomic cell is fixed on a mechanical oscillator (shown in green color in Fig. (2) ) and we call this set-up as atom-mechanical oscillator. The atom-mechanical oscillator can oscillate along Z-axis with resonance frequency ν. The atom-mechanical oscillator is fixed on another platform (shown in brown color in Fig. (2) ), we call this platform as driving platform, which is driven along Y-axis with mean velocitẏ y =ẏ o cos(2πνt). Where t is time andẏ o is the maximum mean velocity of the driving platform. This complete set-up is placed on a platform (shown in grey color in Fig. (2) ) rotating with angular velocityθ.
Atoms inside the atomic cell are three-level atoms with energy of each atomic level |u (u = a, b, c) given by ω u , where is the reduced Planck constant and ω u /2π is the frequency. The energy level structure of the atoms inside the atomic cell is shown in big yellow circle is Fig. (2) . Transition |b − |c is electric-dipole forbidden. Transition |a − |b , with electric-dipole moment ℘ ab , is coupled to the weak quantum probe field (shown in blue color in Fig. (2) ) propagating along Z-axis in the arm-1 of the interferometer. Transition |a − |c , with dipole moment ℘ ac , is driven by a strong classical laser field for which the cross-section area is shown by the red circle in Fig. (1) . The classical drive field has frequency ω d /2π and is propagating perpendicular to the YZ-plane (see Fig. (2) ). We assume that the diameter L d of both probe and drive laser fields is larger thanẏ o /ν, so that the number of atoms in the laser-atom interaction region do not change because of the driving platform's oscillation along Y-axis. This condition can easily be satisfied for realistic parameters like L d = 2 × 10 −2 m,ẏ o = 10 −2 m/s and ν = 1 Hz.
By settingθ = 0 andẏ = 0, propagation [29] of quantum electromagnetic field is described by using multimode description [30] . Hence we consider the quantum probe field coupling with |a − |b transition as the quasimonochromatic field, represented by rĉ r , with mean wave-vector k p . The wave vector for the r-th mode of the probe field is
where c is the velocity of light in vacuum, ω r = ck r , ω p = ck p , and L q is the quantization length so that the quantization volume is AL q with A as the area of cross section of electromagnetic field to be quantized. Interaction between the quantum field and the atoms in a sample of length L can be described by using the technique described in Refs. [22, [31] [32] [33] . So we divide the total interaction length L into (2P + 1) sub-cells. Each sub-cell is centered at z l = lL/(2P + 1), l = −P, ..., P , such that ∆z := z l+1 − z l = L/(2P + 1). Single-atom operators are represented byσ K) atomic cell which is fixed on a mechanical oscillator shown in green color. We call this set-up of atomic-cell fixed on the mechanical oscillator as atom-mechanical oscillator. The atom-mechanical oscillator can oscillate along Z-axis and its resonance frequency is ν. The brown rectangle represent the driving platform on which the atom-mechanical oscillator is fixed. The driving platform is driven along Y-axis with velocityẏ =ẏo cos(2πνt), where t is time andẏo is maximum mean velocity along Y-axis. The energy level structure of the atoms inside the atomic cell is shown in big yellow circle. The red circle represents the cross-section area of the drive laser which is coupling |a − |c transition and is propagating perpendicular to the YZ-plane. The blue laser field in the arm-1 of the interferometer is the weak quantum probe laser field which couples the |a − |b transition while propagating along Z-axis in arm-1. We assume that the diameter L d of probe and drive laser beams is larger thanẏo/ν, so that the number of atoms in the laser-atom interaction region do not change because of the driving platform's oscillation along Y-axis. The complete set-up is fixed on a platform (the big grey rectangle) rotating with angular velocityθ. The Z-axis and Y-axis shown in the figure are fixed with respect to the rotating platform. Whenθ = 0 the atom-mechanical cell moves along the Z-axis with velocityżm,ẑm is center of mass of the atom-mechanical oscillator, because of the Coriolis force acting on it. As a result the resonance frequency of the atoms in the atom-mechanical oscillator are Doppler shifted with respect to the probe laser. This rotation induced Doppler frequency shift leads to phase shift which is measured at D1 and D2 to estimateθ.
interaction, whenθ = 0 andẏ = 0, is given aŝ
where HC is the Hermitian conjugate,
In the limit L q → ∞ and ∆z → 0, by defining
equations of motion (refer Appendix. (A) for more details) for the quantum field and the atomic operators are given as 
where Q andẑ m are the quality factor and center of mass position of the atom-mechanical oscillator, respectively. F th is the thermal noise operator. Substituting the ansatẑ z m =ẑ mo cos(2πνt) in Eq. (8) giveṡ
As the atomic cell is moving with velocityż m with respect to the laser fields, resonance frequencies of the atomic energy levels are shifted due to the Doppler effect as
By substituting Eq. (10) in Eq. (7), and by setting ω p = ω ab and ω d = ω ac , we can write
Note that theż m in Eq. (11) has the information abouṫ θ as given in Eq. (9).
A. Signal
Equations (11) are linearized by writing operators aŝ σ uv =σ uv +δ uv , andâ =ā +δ, withσ uv ,δ uv ,ā, and δ as the classical mean ofσ uv , quantum fluctuation in σ uv , classical mean ofâ and quantum fluctuation inâ, respectively. Vacuum field entering arm-1 is included in δ. Assuming EIT conditions, we treatâ only up to its first order while Ω is kept to all orders. Most of the atomic population stays in |b under EIT conditions. Hence, we can write [34, 35] 7 Hz, while ν ≈ 1Hz. Because ν ≪ γ ab ≈ γ ac , by using adiabatic approximation [36] ,σ 1 ba is evaluated as
whereż m = 2ẏ oθ cos(2πνt)Q/ν. Using Eq. (12), the propagation of steady state probe fieldā is given [37] as
where
whereā o =ā(z = 0). Assuming that Ω 2 ≫ γ ab γ bc , and by considering ω cbżm /c and ω abżm /c upto their first order only, Λ o can be approximated as
Electromagnetic field in the arm-2 of Fig. (2) is represented byâ 1 . Hence the difference in the photo detector readings, after adding a constant π/2 phase[38] toâ 1 , is given asÎ
The mean difference in the photo-detector readings is given as
whereā 1 =â 1 −δ 1 withδ 1 as quantum fluctuation inâ 1 . Vacuum field entering arm-2 is included inδ 1 . By using the relationā(z o ) = −iā 1 and using Eq. (9), Eq. (15), and Eq. (14), we can write Eq. (17) as
. (18) Minimizing Eq. (18) with respect to κγ bc L/Ω 2 shows that we obtain maximum signal when κγ bc L = Ω 2 . At Ω 2 = κγ bc L, signal is given as
Signal
Hence the total number of photons detected in a measurement time of t m is given as
Assuming that t m ≪ 1/ν and considering that t o = 0, we can simplify Eq. (20) as
where P is the power of the probe field. Since t m ≪ 1/ν, there is no significant change in velocity of the atomic cell during the time of measurement. Hence, the system behaves as if atomic cell is moving with constant velocity, which is equal to the velocity at t o , with respect to the incoming electromagnetic field. For t m ≪ 1/ν, it is enough to consider the effect of ν up to its first order.
IV. NOISE SPECTRUM
Shot noise, atomic noise, and mechanical noise of the atom-mechanical oscillator are the three major sources of noise in the hybrid atom-mechanical system. Noise from the mechanical motion of the atomic cell is given byF th term in Eq. (9) . By substituting Eq. (9) in Eq. (11), the linearized equations of motion for the fluctuations are
whereT ba = i 
The first term on the RHS of Eq. (24) gives shot noise, while the second term gives atomic noise and the third term gives noise due to the mechanical motion of the atom-mechanical oscillator. Fluctuation in Eq. (16), denoted by∆, is given aŝ
where V t , and V a are the power spectral densities of noise due to the EIT system and noise due to the mechanical motion of the atom-mechanical oscillator, respectively. In the next two subsections, we estimate the noise due to EIT and mechanical motion of the atom-mechanical oscillator.
A. Noise due to EIT system
By definingδ a (z, ω) as the fluctuation in the field at the output of the atomic cell due to EIT system, from Eq. (24), we can writê
Noise in the EIT system can be estimated by calcu-
. Substituting Eq. (28) in∆ a (ω), and by using the correlation functions
we can write
where Λ ′ is the real part of Λ. The first two terms on the RHS of Eq. (29) represent the effect of shot noise, while the last term comes from the atomic noise. Because the signal in Eq. (18) is oscillating with frequency ν, we are interested in finding the noise component at ω = 2πν. However, we assume that ν is much less than the bandwidth of EIT window, also the signal in Eq. (21) is evaluated under the condition t m ≪ ν. Hence we do a Taylor expansion of Eq. (29) and keep the terms only up to the first order of ν. Substituting Eq. (25) and Eq. (14) in Eq. (29), at Ω 2 = κγ bc L, we obtain
where V 1 is power spectral density of noise due to EIT system when Ω 2 = κγ bc L.
B. Noise due to mechanical oscillator
We defineδ t as the fluctuation in the field, at the output of the atomic cell, due toF th . From Eq. (24), we can writeδ
SubstitutingT ba = i (31) and by using the relationσ bc = iΩ * σ ba /(iω cbż /c − γ bc ), we can write that
From Eq. (12) and Eq. (14), we can write
By substituting Eq. (33) 
Applying the Taylor expansion on Eq. (34) and keeping the terms up to the first order of ν andż m , and using the correlation function
where h is Planck constant, m is effective mass of atommechanical oscillator, k B is the Boltzmann constant, T is the temperature of the mechanical oscillator along Z-axis, we can simplify V t as
We used the condition Ω 2 = κγ bc L in Eq. (35) . For
the noise due to the mechanical motion of the atomic cell is in the same order of magnitude as the shot noise. So when Eq. (36) is satisfied, from Eq. (35), we can write
where V 2 is the power spectral density of noise due to the motion of atomic cell when Eq. (36) is satisfied.
V. RESULTS AND DISCUSSION
The total noise is given by shot noise, atomic noise and noise due to the mechanical motion of the atomic cell. Hence, the total noise can be obtained by from Eq. (30) and Eq. (37) as
where N o is the total noise when Ω 2 = κγ bc L and when Eq. (36) is satisfied. The minimum detectable angular velocityθ m :=θN o /S o is estimated aṡ
where P is the power of the input probe field corresponding to the condition given in Eq. −19 rad/s at P = 1.6 Watt. At T = 300 K, the minimum detectable rotation rate is estimated aṡ θ m = 2.3 × 10 −12 rad/s for P = 2 × 10 −14 Watt. From Eq. (39), we can improve the gyroscope's sensitivity by increasingẏ o . It is also possible to improve the sensitivity by decreasing γ bc or by increasing Q, provided that the relation given Eq. (36) is maintained, otherwise the thermal noise from the mechanical oscillator can decrease the sensitivity. One may also wonder about the Fresnel-Fizeau dragging of light by the atomic medium. Especially, when a dispersive system like EIT system is considered [39] [40] [41] . However, according to Eq. (15), calculation in this manuscript is strictly limited to the linear dispersion case only. Hence the phase velocity of light inside the moving atomic cell is given as
When non-linear dispersion is neglected, and for χ(ω) ≈ 1 (which is the case for EIT at two-photon resonance), the Fresnel-Fizeau dragging is equal to the second term on the RHS of Eq. (40) . Most of the modern navigation grade gyroscopes are based on the Sagnac effect [10, 42, 43] . Sagnac based RLG [7, 44] is limited by the line-width [45, 46] of the laser field. Also, at very small rotations rates, crosstalk [45, 47] between the co-propagating and counter propagating laser modes reduces the accuracy of these gyroscopes. The sensitivity of FOG [48, 49] depends on the length of the optical path. Generally, high sensitivity is achieved in FOGs by passing the laser through a long optical fiber [50] . So the sensitivity of FOG is limited because of the scattering and absorption of light inside the optical fiber. Matter wave gyroscope has better sensitivity [51] [52] [53] [54] when compared with FOG and ALG because of the short wavelength of matter wave in comparison with optical wave length. All the Sagnac effect based gyroscopes, like RLG, FOG, and matter wave gyroscopes, are dependent on the dimension of the Sagnac loop [55] . Unlike the Sagnac effect based gyroscopes, the atommechanical gyroscope do not depend on the dimensions. Quantum spin based rotation sensors have reached ultrahigh sensitivity, however, these systems are difficult to commercialize. Conventional two-dimensional mechanical gyroscopes detect rotation by measuring Coriolis force. Radiation pressure force [56] , which is exerted by the probe laser, limits the sensitivity of these systems. In the atom-mechanical gyroscope, the probe laser is almost transparent because of EIT and hence the radiation pressure force do not have any significant effect in this system.
A. Doppler broadening effect
Even when there is no rotation, atθ = 0, atoms inside the atomic cell are moving randomly in all directions with finite velocity because of thermal energy. This thermal motion, which is different from the Doppler effect arising due to rotation, leads to Doppler broadening effect. In this section we estimate the effect of thermal Doppler broadening. In presence of thermal motion, theσ ba is given as m/s. We estimate that ∆ 1 ≈ 10 5 Hz and ∆ 3 ≈ 10 −1 Hz for ω cb = 10 −6 ω ab . Hence by using the approximation
Using the Maxwellian velocity distribution, Doppler broadening effect is estimated as
(43) Hence thermal Doppler effect is zero for the cold atoms. Note that the thermal motion of atoms is randomly directed in all directions and this leads to insignificant effect when integrated over all the possible directions. On the other hand, motion of the atom-mechanical oscillator due to Coriolis effect is non-random. Hence the velocity of the atom-mechanical oscillator due to the Coriolis force gives finite signal even in presence of thermal Doppler effect.
B. Effect of cooling lasers on atom-mechanical oscillator
Generally, cold atoms are prepared [57, 58] by reducing the atomic thermal kinetic energy by using a set of laser fields in all the three dimensions. So it is important to consider the effect of these cooling lasers on the velocity of atom-mechanical oscillator. The atom-mechanical is driven with velocityẏ along Y-axis. We can fix the cooling laser set-up on the driving platform so the cooling lasers and the atom-mechanical are not moving with respect to each other along Y-axis.
Assuming that the cold atoms are at a temperature T a = 10 −6 K and have mass m a = 1.4 × 10 −25 Kg, the most probable velocity of an atom is about 10 −2 m/s. The maximum velocity of the atomic cloud due to the action of Coriolis force is
Substitutingẏ o = 10 −2 m/s, t m = 0.1 s, andθ = 10 −11 rad/sec, we note that the maximum velocity of atom-mechanical oscillator along Z-axis is about 10 −14 m/s. Hence kinetic energy of atoms due to the Coriolis force is much smaller than the thermal kinetic energy of atoms and therefore the cooling lasers can not hinder the motion of the atom-mechanical oscillator due to the Coriolis force. 
VI. CONCLUSION
Application of hybrid atom-mechanical system for absolute rotation detection is studied. Quantum noise limited sensitivity of the atom-mechanical gyroscope is estimated as 8 × 10 −19 rad/s. For optimal performance of the gyroscope, the condition under which thermal noise from the mechanical oscillator can be set to the level of shot noise is derived. For the cold-atom set-up, assuming that the atoms are at T a = 10 −6 K, the rotation detection sensitivity is estimated as 7 × 10 −12 rad/s when the mechanical oscillator is at room temperature (T = 300 K). 
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By substituting ω r = ω p + 2rπc Lq in Eq. (A1) and by taking summation on all the field modes, we can rewrite Eq. (A1) as
By defining a new operatorĉ l (z l , t) aŝ
Eq. (A2) can be rewritten as 
In the limit R → ∞ or ∆z := z l+1 − z l → 0, we go from discreet to continuous formulation by using the following transformations 
We further defined a new operatorâ which is normalized such that â †â represents the photons per unit time.
By using Eq. (A6) and the relation r g r = (2R + 1)g, Eq. (A4) can be transformed from discreet to continuous formalism. In the continuous notation, equations of motion are given as 
